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ABSTRACT
A way of covariantizing duality symmetric actions is described.
The presence of self{dual elds or, in more general case, duality{symmetric elds
in eld{theoretical and string models reflects their duality properties whose extreme
importance for understanding a full quantum theory has been appreciated during
an impetuous development of the duality eld happened during last few years. The
knowledge of duality{symmetric eective actions is useful for carrying out more sys-
tematic study of the classical and quantum properties of the theory, and in this
memorial contribution we would like to demonstrate how fruitful physical ideas and
mathematical techniques which Victor Isakovich Ogievetsky and his colleagues have
developed helped us to construct a covariant Lagrangian formulation applicable to all
known models with duality{symmetric elds in space{time of Lorentz signature.
The problem of constructing and studying models described by duality{invariant
actions has a rather long history. It goes back to time when Poincare and later
on Dirac noticed electric{magnetic duality symmetry of the free Maxwell equations,
and, Dirac assumed the existence of magnetically charged particles (monopoles and
dyons) [1] admitting the duality symmetry to be also held for the Maxwell equations
in the presence of charged sources. To describe monopoles and dyons on an equal
footing with electrically charged particles one should have a duality{symmetric form
of the Maxwell action. This problem was studied (among others) by Schwinger and
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Zwanziger, and in 1971 Zwanziger proposed a duality{symmetric action for Maxwell
elds interacting with dyonic sources [2]. An alternative duality{symmetric Maxwell
action was proposed by Deser and Teitelboim in 1976 [4]. The two actions, which
proved to be dual to each other [3], are not manifestly Lorentz{invariant. This feature
turned out to be a general one. Duality and space{time symmetries hardly coexist in
one and the same action.
Later on this problem arose in multidimensional supergravity theories in space{
time of a dimension D = 4p + 2 where one would like to know how to construct an
action for self{dual tensor elds (chiral bosons) which are present in some versions
of supergravity and in the heterotic string. One of the ways of solving this problem
is to sacrice Lorentz covariance in favour of duality symmetry. A non{covariant
action for D = 2 chiral bosons was constructed by Floreanini and Jackiw [5], and
Henneaux and Teitelboim [6] proposed non{covariant actions for self{dual elds in
higher dimensional D = 4p+2 space{time. In a context of modern aspects of duality
Tseytlin [7] considered a duality{symmetric action for a string. Finally, Schwarz and
Sen [8] constructed non{covariant duality{symmetric actions for dual tensor elds in
any space{time dimension.
There have also been developed covariant approachs to the construction of duality{
symmetric actions. These use auxiliary elds. The rst covariant Lagrangian formu-
lation of chiral bosons was proposed by Siegel [9] and its modication was considered
by Kavalov and Mkrtchyan [10] in application to D=6 and D=10 chiral supergravi-
ties. Another covariant approach is based on the use of an innite number of auxiliary
elds [11, 12]. It might be interesting that an eective self{dual action of this kind
was extracted from a type IIB string eld theory [12].
The third formulation was proposed in [13]. In its minimal version only one
scalar auxiliary eld is used to ensure space{time covariance of duality{symmetric
actions. This approach turned out to be the most appropriate for the construction
of the worldvolume action for the M-theory ve{brane [14], duality{symmetric D=11
supergravity [15] and D=10 IIB supergravity [16].
Below we will use Maxwell theory to demonstrate how this third approach was
developed with promptings provided by works of V. I. Ogievetsky.
It is well known that the standard action for a free Maxwell eld is not invariant
under duality transformations of its electric and magnetic strength vectors. To have a
duality symmetry at the level of action one should double the number of gauge elds
(Aαm, α = 1, 2, m=0,1,2,3) [2, 4, 8] and construct an action in such a way that one
of the gauge elds becomes an auxiliary eld upon solving equations of motion. The









Fα0iFαi0), (i = 1, 2, 3) (1)
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(L12 = −L21 = 1) is the self{dual combination of the eld strengths.
The Zwanziger action [2] diers from (1) by the sign in front of the second term and
in that, instead of the time{coordinate index, one of the spatial indices is separated
in the analogous term of the Zwanziger action.
Duality symmetry is a discrete subgroup of SO(2) rotations of Aαm (A
α
m ! LαβAβm).
Note that because of the self{duality property (2) FαmnFαmn  0, and the best
thing which one can do is to take the square of only a part of the components of Fαmn
for the construction of the second term of the action (1), and this breaks manifest
Lorentz invariance.
Here is a place to explain why the signature of space{time is important for the
possibility of applying the Lagrangian approach considered to the description of chiral
bosons. It is crucial for this approach that the \square" of a self{dual tensor is zero,
which holds, for instance, in D = 2p+2 spaces of a Lorentz signature. Then taking the
square of an appropriate part of the components of the self{dual tensor (as in (1)) one
gets the desirable result. On the contrary, for instance, in D = 4 space of Euclidian
signature the square of the self{dual combination of a gauge eld{strength is no{
zero and reproduces (up to a total derivative) the standard Maxwell Lagrangian, and
no reasonable choice of its components is known in these cases to construct actions
analogous to (1).
We have seen that the method we used to get the action breaks manifest Lorentz
invariance, however, beside the manifest spatial rotations the action (1) is invariant











where the rst two terms describe the ordinary Lorentz boosts along a constant
velocity vi and the third term vanishes on the mass shell since an additional local
symmetry of the action (1)
δAa0 = ϕ
α(x) (4)
allows one to reduce the equations of motion
δS
δAαi
= ijk∂iFαk0 = 0 (5)
to the duality condition




lpα = 0 (6)
which, on the one hand, leads to the Maxwell equations
∂mFmnα = ∂mF mnα = 0 (7)
and, on the other hand, completely determines one of the gauge elds through another




2mn = F 1mn
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we can exclude A2m(x) from the action (1) and get the conventional Maxwell action.
One can admit that the action (1) arose as a result of some gauge xing which
species time direction in a Lorentz covariant action [13].
The rst step is to covariantize the self{dual part of the action (1). For people who
are acquainted with harmonic techniques served for similar covariantization purposes
in supersymmetric theories [17] the rst thing which comes into mind is to introduce
an auxiliary harmonic{like vector eld
lm(x)  um(x)p−unun , lml
m = −1, (8)














jm = δij , lmlim = 0 (which do not enter the action) the set of the four
vector elds form a matrix of the Lorentz group SO(1, 3) and can be used to contract
Lorentz indices of other elds in a covariant way. For the analysis of properties of the
action it was proved more convenient to work with the eld u(x) rather then with its
normalized form l(x), and at the same time to use harmonic properties of the latter.
The main problem is to nd a local symmetry which would permit to choose a




Then the action (9) can reduce to (1). Note that a spatial gauge, for instance um(x) =
δ3m is equally admissible and leads to a non-covariant action which also produces the
duality condition (6).
The search for this symmetry turns out to be connected with another problem,
namely, the problem of preserving a local symmetry under (4). In the covariant
version this transformation should be replaced by
δAαm = umϕ
α. (11)
To keep this symmetry is important (as we have already seen) for getting the duality
condition (6).
To have the invariance under transformations (11) one should add to the Lorentz




where Bmn(x) is an antisymmetric tensor eld. Then the variation of (9) under (11)






The equation of motion of Bmn
∂[mun] = 0 ! um(x) = ∂ma(x) (14)
reads that um(x) is the derivative of a scalar eld. Note also that (12) is invariant
under
δBmn = ∂[mbn](x). (15)
As in the case of the action (1), the local symmetry (11) allows one to x a gauge
on the mass shell in such a way that the duality condition (6) takes place. To arrive
at eq. (6) harmonic techniques found to be rather useful. Let us sketch the derivation
of (6).
The equation of motion of Aαm produced by (9) is
mnpq∂l(lpFαq ) = 0, (16)
where Fαq  Fαqplp and lp is dened by (8) and (14).
From (16) it follows that
l[pFαq] = ∂[pαq], Fαq = lp∂pαq − lp∂qαp , (17)
where αq are two vector functions. Projecting (17) onto harmonics l
p
i (i = 1, 2, 3)












α(x) ) αq = lqα + ∂qϕα(x). (18)
Substituting (18) into (17) and taking into account that the last term in (18) can be
neglected since (17) is invariant under gauge transformations αq ! αq + ∂qϕα(x) we
obtain
Fαq = ∂qα(x) + lp∂p(lqα). (19)
Now the transformation (11) can be used to put in (19) α = 0 as a gauge xing
condition. Then we have Fαq = 0 which, because of the self{duality of Fαpq, implies
(6).
Thus, we again remain with only one independent Maxwell eld and get the duality
between its electric and magnetic strength vector. In view of the vanishing condition
for the self{dual strength tensor the equations of motion of um reduce to:
δ(SA + SB)
δum
= mnlp∂nBlp = 0 ! Bmn = ∂[mbn], (20)
which means that Bmn is completely auxiliary and can be eliminated by use of the
corresponding local transformations (15).
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The only thing which has remained to show is that um itself does not carry physical
degrees of freedom and can be gauge xed to um = δ
0
m. For this we have to nd a
corresponding local symmetry. And here an analogy of the antisymmetric eld Bmn
with the ‘notoph’ of Ogievetsky and Polubarinov [18] helps us to get the corresponding
symmetry transformations.
The form of the action (12) containing Bmn reminds a term which one encounters
in a dual formulation of a pseudoscalar (‘axion’) eld as an antisymmetric notoph







(∂ma(x)− um(x))(∂ma(x)− um(x))− pqmnup∂qBmn
)
. (21)
The action (21) is invariant under local Peccei{Quinn transformations
δa(x) = ϕ(x), δum = ∂mϕ(x), (22)















is a consequence of the equations of motion of um obtained from (21).
Now one can assume that the action (9)+(12) is also invariant under the trans-







Fαrm urFβsn usLαβ. (25)
Then, taking into account (14) and requiring that u2 6= 0 (to escape singularities), we
can use the local transformation (22) to put um = δ
0
m. In this gauge the manifestly








umFαmnFαnpup − mnpqum∂nBpq) (26)
reduces to (1), and the local transformations of Aαm (25) (with ϕ(x) = x
ivi) are
combined with the corresponding Lorentz transformations and produce the modied
space{time symmetry (3) of the action (1).
2We denoted the scalar field in (14) with the same letter a(x) as the axion field to point to their
formal “generic roots”.
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One can reduce the number of the auxiliary elds in the action (26) to one scalar
eld by substituting into (26) the solution of the equation of motion (14). The









which remains the same in all space{time dimensions, has been used for the descrip-
tion of chiral bosons in various theoretical models (see [14, 15, 16] and references
therein).
We have thus obtained a covariant Lagrangian formulation of Maxwell theory
which is also invariant under electric{magnetic duality. The action was shown to
produce in the temporal gauge (10) the duality{symmetric action (1) of [4, 8].
As has been mentioned in the introduction the rst duality{symmetric action for
the Maxwell elds was constructed by Zwanziger [2] and that it diers from (1) in
the sign of the second term. This dierence leads to essentially dierent symmetry
properties of the Zwanziger action [3]. However, since both actions describe one and
the same physical model there should be a relationship between them. This relation
is established through a duality transform of the auxiliary scalar eld a(x) into the
auxiliary ‘notoph’ eld Bmn [3]. For this consider (26) as a master action which
produces dierent dual actions depending on which auxiliary elds are integrated
out. The action (27) is one of these dual actions. Another one is obtained by varying
(26) with respect to um, which gives an expression for the dual eld strength v
m =
mnpq∂nBpq in terms of um and the Maxwell eld strengths, solving this expression
for the vector eld um in terms of vm and substituting the result back into the action
(26). The action now contains only the dual eld strength vm of the auxiliary eld










the sign of the second term being changed with respect to the analogous term in (26)
and (27). It can be shown that the action (28) is invariant under local transformations
which allow one to x vm(x) to be a constant time{like or space{like vector upon which
(28) reduces to the Zwanziger action (see [3] for details).
In conclusion we have shown how the covariant Lagrangian approach to the de-
scription of duality{symmetric elds unies dierent non{covariant formulations.
This approach is also related to the innite eld approach [11] being a consistent
truncation of the latter (see the last ref. in [13]).
From the action (27) one can formally obtain the Siegel action [9] by replacing
∂ma(x)∂pa(x)
(∂la∂la)
with a Lagrange multiplier eld mp(x). But this relation is only a formal
one since \hiding" derivatives of elds in other elds is not an innocent trick. The
properties of the two actions are very dierent, a main dierence being that the
duality condition (6) is obtained from the actions (1), (26){(28) as a consequence
7
of equations of motion of the gauge elds Aαm(x), while in the Siegel formulation it
arises as a \square root" of the constraint produced by the Lagrange multiplier mn
equation of motion. This results in a dierent structure of Hamiltonian constraints
and, as a consequence, leads to dierent ways of quantizing chiral bosons. We also
note that for more complicated cases of self{interacting chiral bosons, such as the
M{theory ve{brane [14] an eective action in the Siegel form is not know yet.
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